On the associated graded ring of a group ring  by Quillen, Daniel G
JOURNALOFALGEBRA l&411-418(1968) 
On the Associated Graded Ring of a Group Ring 
DANIEL G. QUILLEN* 
Department of Mathematics, Massachusetts Institute of Technology, 
Cambridge, Massachusetts 02139 
Communicated by D. A. Buchsbaum 
Received November 2, 1967 
In this paper we show that if the group ring KG of a group G over a field K 
is filtered by the powers of its augmentation ideal, then the associated graded 
ring is isomorphic to the universal enveloping algebra of the p-Lie algebra 
gr? G oz K, where gr? G is the graded p-Lie algebra associated to the 
p-lower central series of G and where p is the characteristic exponent of K. 
The proof uses ideas of Lazard’s thesis [I]. 
1. STATEMENT OF THE THEOREM 
Let K be a field of characteristic exponent p, let G be a group, and let KG 
be the group ring of G over K. Denoting the augmentation ideal of KG by 
KG, we let 
-- 
gr KG = @ KGn/KGn+l 
Tl>O 
- 
be the associated graded ring of KG for the KG-adic filtration. 
It will be convenient in what follows to denote by pn the natural surjection 
pn : F,A + FnAjFn+lA = gr, A 
for any filtered group A. 
By ap-Jiltration (restricted N-sequence in the terminology of [Z], Chapt. I, 
Section 6) of G we mean a sequence of subgroups G = Gr 3 G, 3 **- such 
that (4 (Gr , G,) C G,+, for all r, s and (ii) x E G, * .a+ E G,, for all Y. The 
associated graded group 
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then has the structure of a p-(or restricted) Lie algebra over 10, = Z/pZ if 
p > 1 and over Z if p = 1, which is given by the formulas 
[PTX, Pdl = P&G Y> P&4” = PerW 
The fastest descending p-filtration of G is the p-lower central series given by 
I’,pG = the subgroup of G generated by elements of the form 
We set 
(x1(*** (x,-r , x,) *.*))y”” with rpS 2 n. U-1) 
Whenp = 1 we omit the 1 and write “filtration, I’,G, gr. G,” etc. Let 
FrG={x~Glx-~EKG’}. (1.2) 
Then F,G is a p-filtration so r,pG C F,G for all r and there is an induced map 
gr? G + gr. KG (1.3) 
given by prz ++ pr(x - 1). Moreover this is a homomorphism of p-Lie 
algebras over F, if p > 1 and over Z if p = 1, hence it extends to a map of 
graded algebras over K 
U(grP G az K) --f gr. KG U-4) 
where Ug is the universal enveloping algebra of a p-Lie algebra g over K. 
THEOREM. The map (1.4) is an isomorphism. 
Remark. The diagonal G + G x G gives rise to the structure of a cocom- - 
mutative Hopf algebra on KG. The KG-adic filtration is just the “coprimitive” 
or F-filtration (see Browder [3]) so gr. KG is a graded Hopf algebra over K 
which is primitively generated, since it is generated by gr, KG which consists 
entirely of primitive elements by reason of dimension. Hence (Milnor and 
Moore [2], Theorem 6.11) gr. KG is the universal enveloping algebra of the 
sub-p-Lie algebra Bgr. KG of primitive elements. On the other hand (1.3) 
is easily seen to have its image contained in Bgr. KG, and consequently the 
theorem is equivalent to the map 
gr? G oz K + Bgr. KG U-5) 
induced by (1.3) being an isomorphism of p-Lie algebras. 
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2. SOME REDUCTIONS AND THE CASEY > 1 
LEMMA 2.1. If  w : g + lo is a map of p-Lie algebras over K, then w is 
surjective (resp. injective) if and only if Uw : Ug + UE) is surjective (resp. 
injective). 
Proof. The Poincare-Birkhoff-Witt theorem asserts that if xi , i E I is a 
K-basis for g, and I is linearly ordered, then the monomials 
with i1 < a** <i,andOdol,j<pifp>landO<aiiifp=lforma 
basis for Ug. The lemma follows easily from this. 
COROLLARY 2.2. Bgr. KG is the sub-p-Lie algebra of gr. KG generated 
by gr, KG. Consequently (1.5) is surjective. 
Proof. Consider the canonical map w : L(gr, KG) -+ 9gr. KG, where LV 
is the free p-Lie algebra generated by a vector space V over K. Uw is the 
canonical map T(gr, KG) + gr. KG where T is the tensor algebra functor. 
As gr. KG is generated as an algebra by gr, KG, Uw is surjective so by the 
lemma w is surjective. This proves the first half of the corollary and the 
second follows from the first and the observation that (1.5) in dimension 1 -- 
is the canonical isomorphism G,, gz K rY KG/KG2. 
LEMMA 2.3. It su..ces to prove the theorem in the special case where 
K=E;,ifp>landK=Qifp=l. 
Proof. Let Jia(K) be the category of augmented K-algebras R such that 
R” = 0 (R is the augmentation ideal). I f  k is a subfield of K, then there is 
a restriction of scalar functors A&(K) + d$(k) given by R H k @ i? whose 
adjoint is R’ tt R’ & K. So 
-- 
Hom,n(,)(KG/KG”, R) = Homc&G, 1 -t R) 
= HomY1%(,,(kG/k?“, k 0 R) 
= Hom,n(,j(kG/k@ @k K, R), 
- - 
hence KG/KG” Ok K 3r KGIKGn for all n. Therefore 
gr. kG OB K z gr. KG, 
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and so from the commutative diagram 
(gr~G@#)m,K - gr. ~GCO,K 
gr!G%K - gr.KG 
we see that the lower horizontal arrow is injective iff the upper one is. But 
by Corollary 2.2, the map (1.5) is always surjective, so the lemma follows. 
Suppose now that p > 1. By Corollary 2.2 and Lemma 2.3 the theorem 
follows once we show that the map gr? G + gr. FDG is injective. But this is 
equivalent to 
THEOREM 2.4. (Jennings-Lazard [I], Theorem 6.10). Ifp > 1, then the 
p-lower central series of G coincides with the$ltration induced by the FTG-adic 
filtration. 
Thus the theorem is proved in the case p > 1. We conclude this section 
with a further reduction of the theorem which will be used for the case p = I 
and which yields an independent proof of the Jennings-Lazard theorem. 
LEMMA 2.5. It sufices to prove the theorem when G is jnitely generated and 
I’,.pG = {I) for some r. 
Proof. A group is the filtered inductive limit of its finitely-generated 
subgroups; as filtered inductive limits are exact, they commute with gr’s and 
as U is a left adjoint functor it commutes with inductive limits. Thus we may 
assume that G is finitely generated. 
To prove (1.5) is injective it suffices to consider a fixed dimension n. Let 
r > n and let G’ = G/I’,.pG. Then with the notation of the proof of Lemma 2.3 
we have 
Hom~s(dKG/KGn, R) = Hom(gps)(G, 1 + R) 
= HoqgI)dG’, 1 + R) 
= Homd&KG’/KG’n, R) 
where the middle step comes from the fact that & = 0 * I’,P( 1 + A) = {l} 
for r > n. Thus KG/KG -n z KG’/%?” for r 3 n and so gr. KG z gr. KG’ 
in dimensions < r. But also gr? G 2; gr? G’ in dimensions < Y, so the question 
of (1.5) being injective is the same in dimensions < r for G and G’ and the 
lemma is proved. 
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Proof of 2.4. By means of 2.2 and 2.3 we have seen that 2.4 is equivalent 
to the casep > 1 of the theorem of this paper. Thus by 2.5 we may assume 
that G is finitely generated andr,pG = (1) in which case G is a finite 
p-group. Now this implies that FjG is nilpotent and hence that F,G = (1) 
(1.2) for m large. By descending induction on m we show that r,“G = F,G, 
this being clear for m large. Consider the exact sequences 
i -i?J+,~-r~~-grP,G-i 
Ia ?” lry 
I -F, +,G-F,G -‘f’grn,FpG 
The map y  is surjective by 2.2, so if we assume that oi is surjective as induction 
hypothesis, we conclude that fl is surjective, thus completing the induction 
and the proof of 2.4. 
3. THE CASE OF CHARACTERISTIC ZERO 
By a nilpotent Malcev group (“nM-group” for short) we mean a nilpotent 
group G which is uniquely divisible in the sense that the set map x t+ xn 
from G to G is bijective for each n f  0. I f  g is a nilpotent Lie algebra over Q, 
then the Campbell-Hausdorff formula defines a group law on g, and in this 
way one obtains an isomorphism of the category of nilpotent Lie algebras 
over Q and the category of nM-groups ([I], Theorem 4.15). 
LEMMA 3.1. If G is an nM-group so are r,G, G/r,G, and gr,G for each m. 
Proof. gr, G being a quotient of G is divisible, hence gr. G is also divisible 
since it is generated as a Lie algebra by gr, G. If  x E I’,G and n is an integer 
# 0, we show by induction on r that there is an element yr E r,G such that 
( yr)” = x(mod r,G). Assuming yT has been obtained, we may write 
x(yr)-” = u”(mod r,+,G) where u E r,G, since gr, G is divisible. Then 
x = ZP( yr)” = (uy?)n(mod I’,+,G), since gr, G is contained in the center of 
G/r,+,G. Hence we may take yr+l = uy, and the induction is complete. 
Taking r larger than the class of G, we see that r,G is divisible for each m. 
As r,G C G it is uniquely divisible, so r,G is an nM-group. 
If  H is a normal subgroup of G which is an nM-group, then G/H is also 
an nM-group. Indeed G/H is clearly divisible. I f  x E G and xn E H, then 
xn = hn and x = h. Thus G/H has no nontrivial elements of finite order. 
So now if u, v  E G/H and un = vn, then by [I], Chapter II, Lemma 3.2(a), 
(u, v) is an element of finite order of G/H so (u, v) = e; hence e = Z&F = 
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(m-l)“, so uv-i = e and u = v. Therefore G/H is an n&l-group and 
Lemma 3.1 is proved. 
If  G is a nilpotent group, we letj : G + G be the Malcev completion of G. 
The pair (G, j) has the universal property 
Howps) (G, H) = Hom(ti-gps) (G, H) 
and moreover is characterized up to canonical isomorphism by the following 
two conditions: 
(i) Kerj is the subgroup of elements of G of finite order. 
(ii) xEG>xxlZEImjforsomen>O. 
LEMMA 3.3. j induces an isomorphism 
(3.2) 
gr. G BzQ3”gr. G (3.4) 
of graded Lie algebras over Q. 
Proof. By Lemma 3.1 gr. G is uniquely divisible, hence gr. j induces 
the map (3.4). In d imension 1 the map is G,, @r Q -+ (G),, which is an 
isomorphism since both represent maps of G into Abelian Malcev groups. 
As gr. G is generated by gr, G, (3.4) is surjective. 
We show by induction on m that the map j, : G/r,G -+ G/P,G is a 
Malcev completion of G/r,G. For m large this is clear since G and G are both 
nilpotent. By Lemma 3.1 G/l?,G is an nM-group so we only have to show 
that jnz verifies (i) and (ii) of (3.2). Condition (ii) is clear, so consider the exact 
sequences 
1 -gr,G -G/r m+l G- G/r,G - I 
brrnj bm+I /m 
1 - grmk - e/r, +,e - G/r$ - I 
As induction hypothesis we assume j,,, satisfies (i). Let x E Kerj, and lift 
x to y  E G/r,+,G. Then as (3.4) is surjective there is a w E gr,G and an 
integer n 5 0 such that j,+,(w) = j,+,(y”), whence ynw-l is of finite order 
since jm+i satisfies (i). Thus xn and hence x is of finite order in G/r,G, so j, 
satisfies (i) and the induction is complete. Notice also that if jm+r satisfies (i) 
so does gr, j. Therefore (3.4) is injective and the lemma is proved. 
LEMMA 3.5. j induces an isomorphism gr. QG Z gr. QG. 
The proof is similar to that of Lemma 2.5 and uses (3.1) and the fact that 
1 + R is an nM-group when R is a nilpotent augmented Q-algebra. 
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We can now prove the theorem in characteristic zero. By 2.2, 2.3, and 2.5 
we are reduced to proving that gr. G oz Q -+ gr. QG is injective when G is 
a finitely-generated nilpotent group. Using Lemmas 3.3 and 3.5 one reduces 
to proving that gr. G -+ gr. QG is injective or equivalently that r,G = F$ 
where F$ is as in (1.2). But one can prove this by descending induction on Y 
just as in the proof of 2.4 once one knows that F,C? = (I} for r large. 
Let g be the nilpotent Lie algebra over Q corresponding to G. As G is 
finitely generated gr, G cu gr, g is finite dimensional over Q and therefore g 
is finite dimensional over Q. By Ado’s theorem g may be embedded as a Lie 
subalgebra of the strictly upper triangular n x n matrices over Q, hence G 
is isomorphic to a subgroup of the group of upper triangular matrices with 
ones on the diagonal. Let R be the augmented Q-algebra of upper triangular 
matrices over Q with all diagonal entries the same. Then the injective map 
G + 1 + I? extends to a map QG + R. As Em. = 0 for some m, we see that 
F,c? = (1) and the proof of the theorem is complete. 
4, SOME APPLICATIONS 
COROLLARY 4.1. If  G and G’ are two jinite p-groups whose group rings over 
FD are isomorphic, then the p-Lie algebras gr? G and gr? G’ are isomorphic. 
Proof. For a finite p-group FDG is the radical of FPG, so an isomorphism 
of group rings will necessarily preserve the filtration and give rise to an iso- 
morphism of the associated graded rings. But the theorem implies that gr? G 
is the sub-p-Lie algebra of gr F,G generated by elements of dimension 1. 
Thus gr? G may be recovered from the group ring and the corollary follows. 
It does not seem to be known whether the z-adic filtration induces the 
lower central series filtration for an arbitrary group G. However 
COROLLARY 4.2. If  G is a group such that the Lie algebra gr. G is torsion- 
free, then I’,G = F,G = {x E G 1 x - 1 E zr} for all r > 1. 
Proof. It suffices to show that the map 
gr. G + @ F,.GIF,,,G 
is injective. But there is a commutative diagram 
gr. G ------+e F,G/F G 





gr. G@$J gr. QG 
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where 01 is injective by the hypothesis on gr. G and where ,!3 is injective by the 
theorem. 
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